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The so-called unimodular version of General Relativity is revisited. Unimodular gravity is con-
structed by fixing the determinant of the metric, what leads to the trace-free part of the equations
instead of the usual Einstein field equations. Then, a cosmological constant naturally arises as an
integration constant. While unimodular gravity turns out equivalent to General Relativity (GR)
at the classical level, it provides important differences at the quantum level. Here we extend the
unimodular constraint to some extensions of General Relativity that have drawn a lot of attention
over the last years, as f(R) gravity (or its scalar-tensor picture) and Gauss-Bonnet gravity. The
corresponding unimodular version of such theories is constructed as well as the conformal transfor-
mation that relates the Einstein and Jordan frames for these non-minimally coupled theories. From
the classical point of view, the unimodular versions of such extensions are completely equivalent to
their originals, but an effective cosmological constant arises naturally, what may provide a richer de-
scription of the universe evolution. Here we analyze the case of Starobisnky inflation and compared
with the original one.
PACS numbers: 04.50.Kd, 98.80.-k, 98.80.Cq, 12.60.-i
I. INTRODUCTION
Over the last decades, the so-called cosmological
constant problem has been one of the major challenges
in theoretical physics. The issue refers to the absence
of gravitational effects, particularly at the cosmological
level, of the vacuum energy density predicted by quan-
tum field theories, or better said, the impossibility of
fine tuning properly its counterterms, what is known as
radiative instability (for a review see Refs. [1] and [2]).
On the other hand, after the discovery of some deviations
of the luminosity distances of Supernovae Ia in 1998,
what was then interpreted as a consequence of the
acceleration of the universe expansion (and confirmed
by other proofs later), the best and most accepted
model that can explain such behaviour lies on the
presence of a cosmological constant in the gravitational
field equations, which in principle should be connected
somehow to the vacuum energy density. However, the
required cosmological constant for the acceleration of
the expansion (of the order the Hubble parameter today)
is around 120 orders of magnitude smaller than the
one predicted by quantum field theories. Hence, here
the problem arises, how to drop down the huge value
of vacuum fluctuations. In this sense, there have been
plenty of proposals, which include a possible symmetry
that protects the cosmological constant in the same
sense as chiral symmetry does with the electron mass
as well as supersymmetry attempts. In addition, an
alternative way, which may include the dark energy
models/modified gravities, tries to suppress such large
value by additional fields or modifications of General
Relativity (GR). In this sense, there have been plenty
of dark energy models proposed, which may play that
role, see [3] and [4]. However, rather than solving the
problem, the former always requires a precise fine tuning
as well (Weinberg’s no go theorem).
An alternative widely studied in the literature is the
so-called unimodular gravity (see Refs. [1, 2, 5–13]). The
theory fixes the determinant of the metric, such that
the field equations are given by the trace-free part of
GR’s field equations. From the classical point of view,
fixing the determinant of the metric provides a cosmo-
logical constant that naturally arises as an integration
constant after applying the corresponding geometrical
identities, what at the cosmological level may be a way
of understanding the problem of dark energy [5]. The
unimodular constraint can be implemented in several
ways, all of them leading to the same classical theory,
as shown in the literature [5–13]. However, in spite of
the theory is equivalent to GR at the classical level,
the equivalence is not clear at the quantum one, where
a great effort has been done in order to get a better
understanding of the features of the theory [6, 7]. When
the theory is analyzed in quantum mechanics, radiative
instability is absence for this effective cosmological
constant, being one of the most interesting features of
the theory, since it can suppress the large contribution of
the vacuum energy density [8]. The absence of radiative
instability has been shown in the literature by using
different approaches, for instance by the existence of
a shift symmetry in the classical field equations that
remove the contributions from the quantum vacuum,
but also by the evaluation of the renormalization group
equation for the cosmological constant. In addition,
unimodular gravity may be distinguished from GR by
some observables, as it may lead to a different concept
of mass [9]. Hence, unimodular gravity may provide not
only a way of understanding the cosmological constant
problem better but also to shed some light to the dark
energy issue.
2In this sense, an extension of unimodular gravity has
been recently proposed, where more general actions
rather than the Hilbert-Einstein action are considered
[14, 15]. Note that modified gravities as f(R) gravity,
have drawn a lot of attention over the last years, as they
can realize the cosmological history, being alternatives
to dark energy/inflaton. In addition, some of them are
able to satisfy the last observational constraints with
great accuracy, such as Starobinsky inflation [16], or the
so-called Hu-Sawicki model for late-time acceleration
[17]. Hence, the analysis of such extensions within
the unimodular-like framework may provide interesting
features.
With this aim, this paper is devoted to the analysis
of some generalizations of unimodular gravity at the
classical level. Firstly, we carefully reconstruct such
extensions departing from variational principles by using
a Lagrange multiplier which imposes the unimodular
constraint, leading to the trace-free part of the field
equations. We show that as in the case of unmodular
gravity, any extension leads to the same result, i.e. a
cosmological constant arises naturally in the field equa-
tions, recovering full diffeomorphisms. We also analyze
how conformal transformations affect the gauge choice
imposed initially, and the effects of unimodular gravity
in the Einstein frame. Finally, some cosmological solu-
tions are obtained for f(R) gravity and Gauss-Bonnet
gravities, while Starobinsky inflation is also analyzed,
where we find a constraint on the merging constant in
order to keep Starobinsky predictions.
The paper is organized as follows: Section II gives a
brief review on unimodular gravity. In section III, we
introduce f(R) and Gauss-Bonnet unimodular gravity.
In Section IV, the conformal transformation is analyzed
and the corresponding unimodular version is obtained
in the Einstein frame. Then, Section V is devoted to the
analysis of cosmological solutions. Finally, section VI
gathers the conclusions.
II. UNIMODULAR GRAVITY
Unimodular gravity is constructed in such a way that
the determinant of spacetime metric is not dynamical but
is restricted to be:
√−g = s0 , (1)
which fixes the determinant of the metric to be a con-
stant s0. As states in [1], just because we use a generally
covariant formalism does not mean that we are commit-
ted to treating all components of the metric as dynamical
fields. Then, restricted variations of the action with re-
spect to the metric have to be null only for those which
keep the determinant fixed,
gµνδg
µν = 0 , (2)
The variation of the metric can be then written in terms
of the unconstrained variation as:
δgµν = δug
µν − 1
4
gµνgλγδug
λγ . (3)
The gravitational field equations are obtained by varying
the gravitational action SG, which can be also expressed
in terms of the unconstrained variation, leading to
δSG
δgµν
=
δSG
δugµν
− 1
4
gµνg
λγ δSG
δugλγ
. (4)
These are precisely the traceless part of the gravita-
tional field equations, which for the Hilbert-Einstein ac-
tion leads to the traceless part of the Einstein’s field equa-
tions:
Rµν − 1
4
gµνR = κ
2
(
Tµν − 1
4
gµνT
)
, (5)
where Rµν is the usual Ricci tensor and R its trace, while
Tµν =
2√−g
∂Sm
∂gµν
is the matter energy-momentum tensor,
and κ2 = 8πG. Contrary to General Relativity, the field
equations (5) are not divergence free,
∇µ
(
Rµν − 1
4
gµνR − κ2Tµν − 1
4
gµνT
)
= 0 . (6)
Then, by using the Bianchi identities, which holds
∇µ
(
Rµν −
1
2
gµνR
)
= 0 , (7)
and the energy conservation,
∇µTµν = 0 , (8)
The divergence of the field equations (6) yields
∇µ
(
R+ κ2T
)
= 0 , (9)
which is the so-called integrability condition that after
integrating leads to
R+ κ2T = 4λ0 = constant , (10)
where λ0 is an integration constant. Hence, by inserting
(10) in the field equations (5), we get
Rµν − 1
2
gµνR+ gµνλ0 = κ
2Tµν , (11)
where the usual Einstein field equations are recovered,
being λ0 a cosmological constant. This is the great
success of unimodular gravity, since a cosmological
constant emerges naturally as an integration constant
by departing from the trace-free part of the Einstein
equations. Such constant may compensate the large
3value of the vacuum energy density. In addition, since
the integrability condition (9) recovers the usual General
Relativity equations, any prediction from the former
turns out a prediction of unimodular gravity, what avoids
any possible discrepancy with well tested experiments.
Alternatively, unimodular gravity can be implemented
through a variational principle with unrestricted vari-
ations of the metric by assuming transverse diffeomor-
phisms (TDiff) instead of the full diffeomorphisms [6, 8,
10], which gives rise to the appearance of a scalar field
that represents the determinant of the metric. Such extra
degree of freedom can be removed by an additional Weyl
symmetry (WTDiff), [6, 10, 11]. Moreover, unimodular
gravity can be also obtained by using a Lagrange multi-
plier in the action as follows [12],
S =
1
2κ2
∫
dx4
[√−gR− 2λ(√−g − s0)]+ Sm , (12)
where s0 is a constant and λ is the Lagrange multiplier,
which in principle is dynamical. Note that the last term
in (12) breaks the full diffeomorphisms invariance, since it
fixes the determinant of the metric, restricting the group
of symmetries. Then, by varying the action with respect
to the metric, the field equations yield,
Rµν − 1
2
gµνR+ gµνλ = κ
2Tµν , (13)
while the variation with respect to λ leads to the uni-
modular restriction (1). Taking the trace of the field
equations (13),
R+ κ2T = 4λ(x) , (14)
This looks as (10) except that in principle λ = λ(x)
is not a constant. Nevertheless, taking the divergence
of equations (13) together with the energy conservation
∇µTµν = 0, yields,
∇µλ = 0 → λ = λ0 . (15)
Then, the trace-free part of the equations follow and the
previous result (11) is obtained, in this case by means of
the action (12). Moreover, equivalently to (12) one can
depart from the Henneaux-Teitelboim action, leading to
the same result [13]. Note that while all these implemen-
tations of unimodular gravity are classically equivalent,
they are not at the quantum level (see [6]). However,
as we focus just on classical aspects along the paper, we
are assuming the action (12) as the departing point for
convenience, as shown below.
III. GENERALIZATIONS OF UNIMODULAR
GRAVITY
Over the last years, some modifications of the Hilbert-
Einstein action have been considered, particularly as in-
frared corrections to GR in order to provide a natural
explanation to the late-time acceleration of the expan-
sion [4]. Moreover, such modifications have been widely
applied to inflation, where nowadays data seem to favor
some of such models . Within modified gravities, the so-
called f(R) gravity has drawn a lot of attention, whose
principle states on a gravitational action given precisely
by,
S =
1
2κ2
∫
dx4
√−g f(R) + Sm , (16)
whose field equations are obtained by varying the action
with respect to the metric, leading to
RµνfR − 1
2
gµνf + (gµν−∇µ∇ν) fR = κ2Tµν , (17)
where fR =
∂f
∂R . Generalization of unimodular gravity
turns out now clear. As pointed in [15], the action (16)
has an unimodular f(R) version which is constructed by
fixing the determinant to be a constant,
S =
1
2κ2
∫
dx4
[√−g f(R)− 2λ(√−g − s0)]+ Sm .
(18)
The field equations are then given by
RµνfR − 1
2
gµνf + (gµν−∇µ∇ν) fR + gµνλ = κ2Tµν ,
(19)
While the variation of the action with respect to λ leads
to
√−g = s0. As in the previous section, taking the
divergence of the field equations (19) yields
∇µλ = 0 → λ = λ0 , (20)
where we have used the identities∇µ
(
Rµν − 12Rgµν
)
= 0
and (∇ν − ∇ν)fR = Rµν∇µfR. Then, by using the
trace of the field equations (19), the following condition
is provided
−RfR + 2f − 3fR + κ2T = 4λ0 , (21)
which is the generalization of the integrability condition
(10). Hence, the usual f(R) equations are recovered with
an additional cosmological constant:
RµνfR − 1
2
gµνf + (gµν−∇µ∇ν) fR + gµνλ0 = κ2Tµν ,
(22)
Equivalently, one may proceed to obtain the same result
by starting from the trace-free part of (17) as the field
equations:
4RµνfR − 1
2
gµνf + (gµν−∇µ∇ν) fR − 1
4
(RfR − 2f + 3fR) gµν = κ2
(
Tµν − 1
4
gµνT
)
. (23)
By using ∇µT µν = 0 and the Bianchi identities, the di-
vergence of (23) yields
∇µ
(
RfR − 2f + 3fR − κ2T
)
= 0 , (24)
which is equivalent to (21) after integrating and the field
equations (22) are recovered.
Hence, it is straightforward to construct other general-
izations of unimodular gravity by following the procedure
described above. For instance, we may consider the so-
called modified Gauss-Bonnet gravity,
S =
1
2κ2
∫
dx4
[√−g (R+ f(G)− 2λ(√−g − s0)]+Sm ,
(25)
where G = RµνλσR
µνλσ − 4RµνRµν + R2 is the Gauss-
Bonnet topological invariant. The field equations are ob-
tained by varying the action (25) with respect to the
metric [18],
Rµν − 1
2
gµνR− 1
2
gµνf(G) + 2fGRRµν − 4fGRµρR ρν + 2fGRµρστRνρστ
+4fGRµρσνR
ρσ − 2R∇µ∇νfG + 2gµνRfG + 4Rνρ∇ρ∇µfG + 4Rµρ∇ρ∇νfG
−4RµνfG − 4gµνRρσ∇ρ∇σfG + 4Rµρνσ∇ρ∇σfG + λgµν = κ2T µν . (26)
As above, by taking the divergence of the field equations,
the condition ∇µλ = 0 arises again, what leads to the
integrability condition for this case:
R+ 2f − 2fGR2 + 4fGRµνRµν − 2fGRµνλσRµνλσ − 4fGRµνλµRνλ (27)
−2RfG + 8Rµν∇µ∇νfG + 4Rµνλµ∇ν∇λfG + T = 4λ0 .
Then, the usual modified Gauss-Bonnet gravity with an
additional cosmological constant. Note that the same re-
sult is obtained when departing from the trace-free part
of the field equations fro Gauss-Bonnet gravity, as was
shown above for the case of f(R) gravity. Hence, follow-
ing any of the above procedures, unimodular gravity can
be easily extended to other more complex actions. The
result basically adds a cosmological constant to the field
equations, equivalently to the case of Hilbert-Einstein
unimodular gravity.
Alternatively to the Lagrange multiplier, one may depart
from restricting variations over the gravitational action
(4), leading to the traceless part of the corresponding
f(R) or f(R,G) action, as above. Other implementations
of unimodular gravity can be also applied for these cases
equivalently at the classical level. However, by using
a Lagrange multiplier instead of other implementations
of the unimodular condition, calculations are simplified
when dealing with theories with higher order derivatives.
In the next section, we analyze unimodular scalar-tensor
theories (equivalent to f(R) gravities) and its transfor-
mation to the so-called Einstein frame when applying a
conformal transformation, which becomes also simpler
when forcing the unimodular constraint by a Lagrange
multiplier than other alternative -classically- equivalent
implementations.
IV. CONFORMAL FRAMES
As well known, f(R) gravities can be expressed in
terms of an scalar field with a null kinetic term through
the action:
S =
1
2κ2
1
2κ2
∫
dx4
√−g (φR − V (φ)) + Sm , (28)
Varying the action with respect to the scalar field, the
corresponding equivalence is found:
V ′(φ) = R → φ = φ(R) , f(R) = φ(R)R − V (φ(R)),
which yields the relations:
φ = fR , V = RfR − f , (29)
As in the previous section, the reconstruction of the uni-
modular theory for the action (28) is given by fixing the
5determinant of the metric,
S =
1
2κ2
∫
dx4
√−g (φR − V (φ))− 2λ(√−g− s0)+Sm ,
(30)
The field equations are given by:
Rµν−1
2
gµν (φR − V (φ))+(gµν−∇µ∇ν)φ+gµνλ = κ2T (m)µν ,
(31)
Taking the divergence of the field equations, the condi-
tion ∇µλ = 0 turns out and the integrability condition
(21) is obtained, which now is given by,
φR − 2V − 3φ+ κ2T (m) = 4λ0 . (32)
Consequently, the field equations (31) become the usual
equations for the scalar-tensor theory (28) with an ad-
ditional cosmological constant. The question now arises,
does the action (30) have a counterpart in the Einstein
frame? To do so, let us transform the action (30) into
the Einstein frame, what basically means recovering the
usual Hilbert-Einstein action by applying the following
conformal transformation:
g˜µν = Ω
2gµν where Ω
2 = φ . (33)
Here the tilde refers to the Einstein frame. Then, the
Ricci scalar is transformed as follows:
R˜ =
2
Ω2
(
R− 6Ω
Ω
)
. (34)
And the action (30) becomes
S˜ =
∫
dx4
[√
−g˜
(
R˜
2κ2
− 1
2
∂µϕ∂
µϕ− V˜ (ϕ)
)
− 2λ˜
(√
−g˜e−2
√
2/3κϕ − s0
)
,
]
(35)
where we have redefined the scalar field,
φ = e
√
2/3κϕ V˜ (ϕ) =
e−2
√
2/3κϕ
2κ2
V (ϕ) , λ˜ =
λ
2κ2
.
(36)
The field equations are obtained by varying the action
with respect to the metric,
R˜µν − 1
2
g˜µνR˜ = κ
2
(
T (ϕ)µν + T
(m)
µν
)
, (37)
where we have defined the energy-momentum tensor of
the scalar field as,
T (ϕ)µν = ∂µϕ∂νϕ−gµν
(
1
2
∂σϕ∂
σϕ+ V˜
)
−2λ˜gµνe−2
√
2/3κϕ
(38)
The scalar field equation is obtained by varying the ac-
tion (35) with respect to the scalar field,
ϕ− V ′(ϕ) + 4λ˜
√
2
3
κe−2
√
2/3κϕ = 0 . (39)
While the variation of the action with respect to the La-
grange multiplier leads to the constraint,
√
−˜g = s0 × e2
√
2/3κϕ . (40)
Hence, contrary to the case of the Jordan frame, the de-
terminant of the metric g˜µν is not constant. Taking the
divergence of the field equations (39), and applying the
identity ∇µ
(
R˜µν − 12 g˜µνR˜
)
= 0 and the matter-energy
conservation ∇µT µν(m) = 0, yields,
∇µT µν(ϕ) =
(
ϕ− V ′ + 4λ˜
√
2
3
κe−2
√
2/3κϕ
)
∂νϕ
−2e−2
√
2/3κϕ∂ν λ˜ = 0 . (41)
The first term in (41) is the scalar field equation (39),
which becomes null leading to,
∂ν λ˜ = 0 , → λ˜ = λ˜0 . (42)
Then, the energy-momentum tensor for the scalar field
(38) turns out,
T (ϕ)µν = ∂µϕ∂νϕ−gµν
(
1
2
∂σϕ∂
σϕ+ V˜
)
−2λ˜0gµνe−2
√
2/3κϕ
(43)
Hence, the field equations (37) are basically the equations
of the action,
S˜ =
1
2κ2
∫
dx4
[√
−g˜
(
R˜
2κ2
− 1
2
∂µϕ∂
µϕ− V˜eff (ϕ)
)]
,
(44)
where the effective potential is defined as,
V˜eff (ϕ) = V˜ (ϕ) + 2λ˜0e
−2
√
2/3κϕ . (45)
In comparison with the case in the Jordan frame, where
a cosmological constant naturally arises, here the scalar
potential is modified. what may introduce corrections to
some solutions.
In the next section, we explore some cosmological
solutions within the context of f(R) and modified Gauss-
Bonnet gravities, but also solutions in the Einstein frame
6are analyzed, particularly we study Starobinsky inflation
within the context of unimodular gravity by applying
the results obtained above.
V. COSMOLOGICAL SOLUTIONS
Let us now explore some cosmological solutions in
the generalizations of unimodular gravity studied above.
Here we intend to analyze dark energy solutions as well
as some inflationary models.
A. Late-time acceleration
Since we are interested in late-time cosmologi-
cal solutions, we assume a flat Friedmann-Lemaˆıtre-
Robertson.Walker metric,
ds2 = −dt2 + a2(t)
3∑
i=1
dxi 2 (46)
Let us start by studying solutions in f(R) unimodular
gravity, whose field equations (22) for the metric (46)
turns out
H2 =
1
3fR
[
κ2ρm +
RfR − f
2
− 3HR˙fRR + λ0
]
,
−3H2 − 2H˙ = 1
fR
[
κ2pm + R˙
2fRRR + 2HR˙fRR + R¨fRR +
1
2
(f −RfR − 2λ0)
]
, (47)
Note that every solution of a particular f(R) gravity is
also a solution of unimodular f(R) gravity just by shift-
ing the action f → f + 2λ0. Nevertheless, the addi-
tional constant in the FLRW equations (47) may pro-
vide a wider set of solutions. In order to show so, let
us analyze some particular and illustrative cosmological
solutions. Since the universe goes through several accel-
erating stages, de Sitter solution plays an important role,
where the Hubble parameter is given by
H(t) = H0 (48)
Moreover, H = H0 is a critical point in every f(R) grav-
ity [19], such that the possible critical points of a partic-
ular gravitational action can be identified with the dark
energy epoch and also inflation. Then, for the de Sitter
solution (48), the first FLRW (in vacuum) is given by,
3fR0H
2
0 −
1
2
(R0fR0 − f0 − λ0) = 0 . (49)
Hence, every root of this equation is a critical point
and becomes a possible de Sitter stage along which the
universe may go through. The presence of λ0 introduces
a correction that some particular f(R)′s, which lead
to effective cosmological constant (as the Hu-Sawicky
model [17]), may requires.
Let us now explore power-law solutions in cosmology,
which also have a great importance along the universe
history,
a(t) = a0t
m , H(t) =
m
t
, (50)
Note that for pressureless matter m = 2/3, for radia-
tion m = 1/2 and for an accelerating universe m > 1.
The above solution has been analyzed in standard f(R)
gravity, where the following action holds [20],
f(R) = A±R
1
4 (3−m±
√
1+10m+m2) . (51)
Whether we assume the above f(R) gravity in uni-
modular gravity with m < 1, the effective cosmological
constant λ0 may become important at late-times, when
the dark energy epoch starts, while the terms in (51)
may contribute during the matter/radiation epochs
when they dominate over λ0. Moreover, whether m > 1
the unimodular f(R) gravity (51) contributes to the
acceleration of the expansion, leading to corrections over
a de Sitter expansion which would depend on the weight
of A± in comparison with λ0.
Let us now consider the unimodular version of Gauss-
Bonnet gravity (25), whose FLRW equation becomes:
3H2 = κ2ρm +
1
2
(GfG − f)− 12fGGG˙H3 + λ0 , (52)
where G = 24(H˙H2 + H4). As in the previous case,
we can analyze de Sitter solutions (48) by introducing
7(48) into the equation (52), which turns out an algebraic
equation,
3H20 +
1
2
(f0 −G0fG0)− λ0 = 0 . (53)
Hence, the merging cosmological constant λ0 would de-
termine the de Sitter points, and consequently the ac-
celerating stages of the universe. In the case of power-
law solutions (50), the exact action within pure Gauss-
Bonnet gravity (with no Ricci scalar in the action) that
reproduces such solutions in vacuum are [21]:
f(G) = AG
1−m
4 , (54)
which may play the same role as in the case of f(R)
gravity, as shown above. Nevertheless, the most impor-
tant feature of the action f(R,G) = R + f(G) is that
reproduces exact ΛCDM model,
H2 =
Λ
3
+
κ2
3
ρ0a
−3 , (55)
by means of the gravitational action given by [18],
f(R,G) = R+ a1
(
Λ±
√
9Λ2 − 3G
)2
+a2
(
Λ±
√
9Λ2 − 3G
)
+ a3 , (56)
where a1 is an integration constant, a2 =
6−30a1Λ
15 and
a3 = 3 (1− 6a1Λ) are constants. Then, by identifying
the last term of (56) with the cosmological constant λ0,
λ0 = −3
2
(1− 6a1Λ) (57)
The unimodular version of Gauss-Bonnet gravity
described by the action (56) arises naturally as the
gravitational action which leads to the ΛCDM model
(55).
Hence, extensions of unimodular gravity provide reli-
able descriptions of the late-time acceleration in a natural
way.
B. Inflation
Let us now study how these extensions of unimodular
gravity may affect the inflationary paradigm. In par-
ticular, here we analyze Starobinsky inflation [16] when
considering the unimodular f(R) theory (18), which for
the case of Starobinsky inflation is given by
S =
1
2κ2
∫
dx4
[√−g(R+ R2
6m2
)
− 2λ(√−g − s0)
]
,
(58)
where m2 is a constant. In order to simplify the cal-
culations, we work in the scalar-tensor equivalence (30),
whose correspondence to the action (58) is provided by
φ = 1 +
R
3m2
, V (φ) = 3m2(φ − 1)2 . (59)
Applying the conformal transformation (33) and the def-
initions (36), the action (44) is constructed following the
steps described in Section IV, where the effective poten-
tial for the case (58) is given by,
V˜eff (ϕ) =
1
2κ2
[
3m2
2
(
1− e−2
√
2/3κϕ
)2
− 2λ0e−2
√
2/3κϕ
]
.
(60)
Then, the FLRW equations are:
3
κ2
H2 =
1
2
ϕ˙2 + V˜eff (ϕ) ,
− 1
κ2
(
3H2 + 2H˙
)
=
1
2
ϕ˙2 − V˜eff (ϕ) , (61)
While the scalar field satisfies
ϕ¨+ 3Hϕ˙+
∂V˜eff (ϕ)
∂ϕ
= 0 (62)
Slow-roll inflation occurs in the regime κϕ ≫ 1, where
the friction term in (62) dominates, and the expansion
grows exponentially approximately, being the Hubble pa-
rameter H ∼ H0. Then, the following relations hold
Hφ˙≫ ϕ¨ , V˜ ≫ ϕ˙2 . (63)
Equivalently, we can define the slow-roll parameters,
ǫ =
1
2κ2
(
V˜ ′eff (ϕ)
V˜eff (ϕ)
)2
, η =
1
κ2
V˜ ′′eff (ϕ)
V˜eff (ϕ)
, (64)
Hence, during inflation ǫ ≪ 1 and η < 1, while after an
enough number of e-foldings, usually aroundN = 50−65,
ǫ ≥ 1, when the scalar field ϕ rolls down the poten-
tial slope and the kinetic term becomes important and
eventually dominates. Then, the field oscillates around
the minimum of the potential, emitting particles and re-
heating the Universe. Hence, by using these approxima-
tions and combining the FLRW equations (61) and the
scalar field equation (62), the equations during inflation
are given approximately by,
H2 ≃ κ
2
3
V˜eff (ϕ),
3Hϕ˙ ≃ −V˜ ′eff (ϕ) (65)
The slow-roll parameters (64) for the potential (60) are
given by,
ǫ =
4
3
[
3m2
(
−1 + e
√
2/3κϕ
)
− 4λ0
]2
[
3m2
(
−1 + e
√
2/3κϕ
)2
+ 4λ0
]2 , (66)
η =
4
3
−3m2
(
−2 + e
√
2/3κϕ
)
+ 8λ0
3m2
(
−1 + e
√
2/3κϕ
)2
+ 4λ0
,
Starobinsky inflation is recovered by setting λ0 = 0. Nev-
ertheless, since m2/λ0 > e
−2
√
2/3κϕstart in order to en-
sure an enough number of e-foldings before the field rolls
8down, together with κϕ ≫ 1, it gives the following the
slow-roll parameters,
ǫ =
4
3
e−2
√
2/3κϕ , (67)
η = −4
3
e−
√
2/3κϕ ,
In addition, the spectral index and the scalar-to-tensor
ratio are given in terms of the slow-roll parameters by
ns − 1 = −3ǫ+ 2η r = 16ǫ . (68)
It is straightforward to calculate the number of e-foldings
during inflation, which is given by
N ≡
∫ tend
tstart
H˜dt = −κ2
∫ ϕend
ϕstart
V˜eff (ϕ)
V˜ ′eff (ϕ)
≃ 3
4
e
√
2/3κ ϕ˜start .
(69)
Note that the number of e-foldings is related to the slow-
roll parameters as
ǫ ≃ 3
4
1
N2
, η ≃ − 1
N
. (70)
Then, assuming a number of e-foldings N ∼ 65,the fol-
lowing values of the inflationary observables are obtained:
ns = 0.968 , r = 0.00284 . (71)
This is exactly the result as in Starobisnky inflation,
which satisfies quite well the constraints provided by the
last data [22]. Hence, as far as m2/λ0 > e
−2
√
2/3κϕstart ,
the unimodular version of Starobinsky inflation is like-
wise successful, but also includes the corresponding cos-
mological constant that may dominate at late-times,
leading to a complete description of the universe evo-
lution.
VI. CONCLUSIONS
Summarizing, in this manuscript we have extended
the so-called unimodular gravity to other more general
actions rather than the Hilbert-Einstein action. As in
the original case, extensions of unimodular gravity can
be constructed departing from the trace-free part of the
field equations or alternatively by the gauge choice that
fixes the determinant of the metric to be a constant.
As widely pointed in the literature, any implementation
of the unimodular constraint lead to the same results
at the classical level, but may provide differences when
quantum mechanics are considered. Nevertheless, since
the paper is devoted to classical aspects, we have forced
the unimodular constraint in the action through a
Lagrange multiplier, such that calculations become
simpler when dealing gravitational Lagrangians with
more general functions of curvature invariants. Hence,
following this procedure, and in spite of the apparent
lack of symmetries, extensions of unimodular gravity
lead to the covariant field equations of the originals with
the presence of a cosmological constant.
The issue is more subtle when dealing with confor-
mal transformations. As shown, by transforming the
gravitational action from the Jordan to the Einstein
frame, the determinant is not fixed to be a constant
anymore. However, the Lagrange multiplier used to fix
the determinant of the metric, turns out a constant
as well, such that the corresponding counterpart in
the Einstein frame becomes the usual quintessence-like
model but in this case with a correction in the scalar
potential. Such additional term may have consequence
when studying some particular solutions.
Finally, some cosmological solutions have been studied
within the unimodular version of Gauss-Bonnet gravity
and f(R) gravity (together with its scalar-tensor equiv-
alence). As shown, unimodular version of these theories
provides a richer set of solution and is able to give a com-
plete picture of the universe evolution in a natural way.
In addition, predictions from Starobinsky inflation are
fully recovered as far as the correction in the scalar po-
tential is well set. Moreover, the unimodular version of
Starobinsky inflation may provide an explanation to the
late-time acceleration through the effective cosmological
constant that naturally arises. Hence, such results point
to R+R2 as a reliable cosmological model for describing
the whole universe history.
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